Introduction. A semi-Riemannian manifold (M, g), n = dim M ≥ 3, is said to be semisymmetric The semi-Riemannian manifold (M, g), n ≥ 3, satisfying (2) is called Riccisemisymmetric. There exist non-semisymmetric Ricci-semisymmetric manifolds. However, under some additional assumptions, (1) and (2) are equivalent for certain manifolds. For instance, we have the following statement.
(1) and (2) are equivalent for hypersurfaces which have positive scalar curvature in Euclidean space E n+1 , n ≥ 3. In [26] this result was generalized to hypersurfaces of E n+1 , n ≥ 3, which have non-negative scalar curvature and also to hypersurfaces of constant scalar curvature. [26] also proves that (1) and (2) coincide for hypersurfaces of Riemannian space forms with non-zero constant sectional curvature.
Further, in [24] it was proved that (1) and (2) are equivalent for hypersurfaces of E n+1 , n ≥ 3, under the additional global condition of completeness. In [4] it was shown that (1) and (2) are equivalent for Lorentzian hypersurfaces of a Minkowski space E n+1 1 , n ≥ 4. [4] also proves that (1) and (2) are equivalent for para-Kähler hypersurfaces of a semi-Euclidean space E 2m+1 s , m ≥ 2. The problem of equivalence of (1) and (2) was solved in the 4-dimensional case. More precisely, we have the following statement. The problem of equivalence of (1) and (2) for hypersurfaces with pseudosymmetric Weyl tensor of semi-Euclidean spaces was considered in [5] . Hypersurfaces with pseudosymmetric Weyl tensor were studied in [7] , [20] and [21] . In particular, the following curvature property of semisymmetric hypersurfaces was found. , n ≥ 4, is a hypersurface with pseudosymmetric Weyl tensor.
Our main result (see Theorem 5.2) is related Theorem 1.2. Namely, we prove that if (M, g), dim M ≥ 4, is a Riemannian Ricci-semisymmetric manifold with pseudosymmetric Weyl tensor, satisfying 2. Certain curvature conditions. Let (M, g) be a connected n-dimensional, n ≥ 3, semi-Riemannian manifold of class C ∞ . We define on M the endomorphisms R(X, Y ) and X ∧ Y by
where ∇ is the Levi-Civita connection of (M, g) and X, Y, Z ∈ Ξ(M ), Ξ(M ) being the Lie algebra of vector fields on M . Furthermore, we define the Riemann-Christoffel curvature tensor R and the (0, 4)-tensor G of (M, g) by
. We denote by S and κ the Ricci tensor and the scalar curvature of (M, g), respectively. For a (0, k)-tensor field T on M , k ≥ 1, we define the (0, k + 2)-tensors R · T and Q(g, T ) by
A semi-Riemannian manifold (M, g) is said to be pseudosymmetric ( [11] , [30] ) if ( * ) 1 the tensors R · R and Q(g, R) are linearly dependent at every point of M . This is equivalent to the equality
holding on
for some function L R on U R . It is clear that every semisymmetric manifold is pseudosymmetric. The condition ( * ) 1 arose in the study of totally umbilical submanifolds of semisymmetric manifolds as well as when considering geodesic mappings of semisymmetric manifolds ( [11] , [30] ). There exist pseudosymmetric manifolds which are non-semisymmetric. For instance, in [12, Example 3.1 and Theorem 4.1] it was shown that the warped product 
for some function L S on U S . Note that U S ⊂ U R . It is clear that if ( * ) 1 holds at x then so does ( * ) 2 . The converse is not true. E.g. every warped product For any X, Y ∈ Ξ(M ) we define the endomorphism C(X, Y ) by
The Ricci operator S and the Weyl conformal curvature tensor C of (M, g) are defined by
A semi-Riemannian manifold (M, g), n ≥ 4, is said to be a manifold with pseudosymmetric Weyl tensor ( [11] , [23] , [30] ) if ( * ) 3 the tensors C · C and Q(g, C) are linearly dependent at every point of M . The manifold (M, g) has pseudosymmetric Weyl tensor if and only if
). An example of a 4-dimensional Riemannian manifold satisfying ( * ) 3 , which is not a warped product, was found in [23] . Manifolds satisfying ( * ) 1 and ( * ) 3 were investigated in [23] . For a symmetric (0, 2)-tensor A we define the endomorphism
and the tensor field A we define the tensor Q(A, T ) by
In particular, in this way we obtain the (0, 6)-tensor field Q(S, R).
Semi-Riemannian manifolds satisfying ( * ), ( * ) 1 , ( * ) 2 or ( * ) 3 are called manifolds of pseudosymmetry type ( [11] , [30] ). We finish this section with some examples of Ricci-pseudosymmetric manifolds.
Example 2.1. It is known that the Cartan hypersurfaces in the sphere S n+1 (c), n = 3, 6, 12 or 24, are compact, minimal hypersurfaces with constant principal curvatures −(3c)
1/2 having the same multiplicity. More precisely, the Cartan hypersurfaces are the tubes of constant radius over the standard Veronese embeddings i :
, where F = R (real numbers), C (complex numbers), Q (quaternions) or O (Cayley numbers), respectively. The Cartan hypersurfaces satisfy certain curvature condition of pseudosymmetry type. In [22, Theorem 1] it was shown that every Cartan hypersurface in S n+1 (c), n = 6, 12, 24, is a non-pseudosymmetric, Ricci-pseudosymmetric manifold with non-pseudosymmetric Weyl tensor satisfying the relations
on M , where κ is the scalar curvature of S n+1 (c). The Cartan hypersurface in S 4 (c) is a pseudosymmetric manifold satisfying
3. Preliminary results. Let (M, g), n ≥ 3, be a semi-Riemannian manifold covered by a system of coordinate neighbourhoods {U; x h }. We denote by g ij , R hijk , S ij and C hijk the local components of the tensors g, R, S and C, respectively. Further, we denote by
the local components of the tensor
, and of the Ricci operator S, respectively.
Let U and S be the (0, 4)-tensor fields on (M, g) defined by
Lemma 3.1. The following identities hold on any semi-Riemannian manifold (M, g), n ≥ 3:
P r o o f. The identities (9) and (10) Using the definition of the Weyl tensor C we easily get (12) . Finally, putting (10) in (12) we obtain (13).
Lemma 3.2. Let (M, g), n ≥ 4, be a semi-Riemannian manifold satisfying
where τ is a function on M and X, Y, Z, W ∈ Ξ(M ). Then
P r o o f. First of all, it is easy to verify that (14) implies
Now, using (16), we get
Further, we can check that the following identities hold on any semi-Riemannian manifold:
The relation (20) , by (14) and (17), turns into
Applying (18) and (21) in (19) we find
This, by making use of (13), gives
which, by (11), yields (15) . Our lemma is thus proved.
hj ), (26)
holds at x. P r o o f. (24) is an immediate consequence of (5). Summing cyclically (24) in h, j, k and using the identity (25) . We note that
Substituting here (24) we easily get (26) . (27) follows from (26) . Contracting (24) with g hk and using (30) we obtain (28) . From (28) we get
Substituting here (3), (5), (24), (26) and
Applying (25) and (27) we find
which, by making use of (24), (26) and (28), turns into
The last equality can be rewritten as
from which, in view of Lemma 2.4(i) of [18] , we get (29), completing the proof.
4. Ricci-semisymmetric manifolds with κ = 0
Transvecting this with S
Symmetrizing in l, m and using (24) we get
Further, contracting with g lh and applying (25) , (24) and (27), we find
. We note that (28) , by (29) , turns into (29) and (34) into (33) we get (30) , completing the proof.
First of all we note that (35) implies
We have
Applying (9) in (40) we get (38). Furthermore, we have
i.e. (39) holds at x. Applying now (38) and (39) in (37) we get S) ). But on the other hand, from (35) we also obtain
The last two relations complete the proof of our proposition.
(ii) If the conditions: (32) and nL S − κ = 0 are satisfied at
(iii) If the conditions: (32) and nL S −κ = 0 are satisfied at x then, at x,
P r o o f. The proof of (i) is presented in Lemma 3.2. Next, (32), by symmetrization in m, i, implies (5). Finally, (iii) is a consequence of Proposition 4.2.
As an immediate consequence of Theorem 4.1(iii) we have the following. 5. Ricci-semisymmetric manifolds with κ = 0. Let (M, g), dim M ≥ 3, be a semi-Riemannian manifold. We denote by U κ the set of all points of M at which the scalar curvature κ of (M, g) is non-zero. We note that if (M, g), dim M ≥ 4, is a Ricci-semisymmetric manifold satisfying (3) then, in view of Lemma 3.3 and Proposition 4.1, (29) and (32) take on
respectively, where X, Y, Z, W ∈ Ξ(M ) and
κ . Now Lemma 3.2 yields immediately the following.
which, by (2), gives
,
We consider two cases. I. First we assume that dim M ≥ 5. Now (46), in view of [14, Theorem 1], implies R · R = µQ(g, R), whence (47) R · S = µQ(g, S).
But this, by (2), yields µQ(g, S) = 0. Since x ∈ U S , the last relation gives µ = 0, which reduces (47) to (1). II. We now assume that dim M = 4. It is well known that the following identity is satisfied for every 4-dimensional semi-Riemannian manifold (M, g) ( [25] ):
From this we get immediately
which, in virtue of (46), turns into
But on the other hand, (45), by (3), gives (51) Q(S, R) = µQ(g, C).
Applying (51) in (50) we obtain
Further, using the definition of the tensor Q(S, R) and (41) and (42), we can easily check the following identities on U S ∩ U κ :
Transvecting now (52) with S h p and using (53) and (54) we get
Subtracting (52) we find
From this, by transvection with S m c and making use of (41) and (53), we obtain
Further, transvecting this with S j d and using again (41) and (53), we find
Since x ∈ U S , this reduces to (56) τ Q(S, R) = 0.
If τ is non-zero at a point x ∈ U S ∩ U κ then (56) implies Q(S, R) = 0 and by ( (g ij S mk − g ik S mj ).
Contracting this with g mk and using (57) we obtain (65) P ij = S pq C pijq = − nκ (n − 1)(n − 2) S ij + κ 2 (n − 1)(n − 2) g ij .
Let T and P be the tensors with local components T mijk and P ij defined by (64) and (65), respectively. From (64) and (65), in virtue of (2), we obtain R · T = 0 and R · P = 0, respectively. Applying the last two relations in (63) we find κR · C = 0, and by the assumption that κ = 0, we have R · C = 0, which reduces (46) to µQ(g, C) = 0. Evidently, if µ = 0 then Q(g, C) = 0, which, in view of Lemma 1.1 of [6] , implies C = 0, a contradiction. Thus we have µ = 0. Now (45) completes the proof.
Finally, using Theorems 4.2 and 5.1 we get our main result.
Theorem 5.2. Let (M, g), n ≥ 4, be a Riemannian Ricci-semisymmetric manifold satisfying (3). If (M, g) is a manifold with pseudosymmetric Weyl tensor then R · R = 0 on U S ⊂ M .
